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REGULARIZED METHODS OF NOISY SIGNALS
DIFFERENTIATION IN REAL TIME

One particular case of solving the problem of interpreting ob-
servations is considered, when the instrument function of the mea-
suring transducer is a pure integrator. In this case, the problem of
interpretation is reduced to differentiating the output signal of the
measuring transducer.
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Introduction. As examples of the problems of interpretation of this
class, we can calculate the speed along the measured path, calculate the radia-
tion intensity from the measured dose of radiation, and a number of other
problems. The procedure of stable numerical differentiation is also used in the
construction of mathematical models of nonlinear dynamic objects in the form
of the Volterra integro-power series. The problem of stable differentiation of a
noisy signal is also of independent importance, for example, when construct-
ing regulators with a differential component in automatic control systems.

Thus, the problem is differentiating stable signal y(z) under the

presence of noise and measurement errors. The main difficulty is in the
instability of the solution x(z)=y'(t), which is manifested due to the

presence of interference in the initial information and errors in the perfor-
mance of certain operations in accordance with the adopted algorithm. The
problem of differentiation of a noisy signal y(¢) belongs to the class of ill-

posed problems. Traditional approach to solving these problems is based
on the use of approximation methods, in particular, on the use of regulari-
zation methods [1] by which the integral is solved

t

[x(@)dz = y(0)- (0. (1)
0
Without loss of generality, we further assume y(0) = 0.
Let us consider methods of approximate stable differentiation of a
noisy signal in real time, which make it possible to improve the accuracy
of the solution of the problem mentioned. The proposed methods are simi-
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lar to the method of regularization of A.N. Tikhonov with regularizers of
zeroth, first and second orders.

Let us assume there is a known approximation y;(¢) of the function
¥(t), to be differentiated y;(¢) = y(¢)+7(¢), where n(¢f) — stationary ran-
dom process with limited spectral density and zero expectation and func-

tion y(¢#) has N limited derivatives y(") <M, where n = L, 2 .... N,

M > 0 and is a sufficiently smooth function of time.
It is known that the solution obtained by direct differentiation of
vs(t) does not satisfy the conditions of correctness. [2] We consider the

differentiation problem in the integral formulation
!

jx§ (t)dr=ys(1), 2
0
where xg(¢) = x(¢)+ u(t), w(t) — random process that occurs at the out-

put due to the presence of interference 7(¢) in the input signal.

We consider the construction of a family of regularizing operators for the
differentiation problem and compare them in accuracy. According to [1] in-
stead of (2) a Volterra integral equation of the second kind can be solved

t
axs (1) + [ x5(D)dT = 5(2). (3)
0
In [1] it was shown that with a suitable choice of « algorithm defined
by equation (3) is regularizing.
As a result of applying the Laplace transform, we obtain

a-X;(p) +%X5 (P)=Y;(p). )

where X5(p) .= x5(1), Y5(p) .= ys(0).
Adding member ax;(t) to (2) corresponds to the Tikhonov regulari-

zation method with zeroth order regularizer [4].

Similarly, the regularization method with first and second order regu-
larizes small terms are added to the equation (2) that are the function’s
x5(t) first and second derivatives.

Let us consider the following equations

a'pisz(pH%-X(s(p):Y,s(p), (5)
2
“'me(pH%-Xa(p):Ys(p)- (6)
1 2
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The presence of complete polynomials in the denominator of the
added terms is due to the stability requirements of these systems in the
sense of Lyapunov. Let's note, that equation (5) corresponds to the dynam-
ic method of regularization of ill-posed problems [1].

Consider the process of passing a random signal 7(¢) by differentiat-

ing the devices described by equations (4)—(6). Dispersion of the output
signal for each device is determined by expressions

_Dy 1
"2 Trap @
Dy, k+fp—-ak?
= 8
U 2a k+ ptak? ®
D, [(ﬁkl +hy)(2aky + 4k )+ (1+ ) ak +ak3 - i, )}
DX3=_“. (9)

2a (akz—kl)[ﬂ(kl+ﬂ+aﬂ2)+k2}
This implies a theorem is valid for the algorithms (4)—(6).

Theorem. When D, - 0, exists a(Dy) = O(D}{’ ), such that

Dy/aDy — 0, and consequently, D,, — 0 forany 0 <p<1,i=1,2,3.

The theorem is qualitative in nature and indicates that all of the me-
thods defined by the equations (4)—(6) have regularizing properties.

Obtained estimates (7)—(9) are characterized by an unbiased solution
error that occurs due to the presence of random errors in the input signal.

Let us determine the value of the solution’s offset error arising as a
result of replacement of the exact equation (2) by approximate ones
(4)—(6) for each of the algorithms.

Let us assume that the current operation input y(¢) is a slowly varying
function of time, i.e. we will neglect the transient component of the solu-
tion process and consider only the forced motion of the system. This as-
sumption is possible when all the roots of the characteristic equation for
the system (4)—(6) are real, negative and maximum by modulus. By direct
substitution, it can be shown that when

:L’ k, :L’ k, = 1 (10)
4o 3a 270
the influence of the transient component can be neglected, if the signal range

of useful input y(7) is limited in the segment: |a)| <1/a for equation (4),
|| <1/(2a) for equation (5), || <1/(3a) for equation (6).

Assuming that at the system input exact signal y(f) works for each
case from the equations (4)—(6), we find the output image X(p) and the

k
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image of the system error £ ( p) =X ( p) -Xr ( p) by subtracting the equ-
ation of the unperturbed system X, (p)=pY(p):
2

E(p)= ao;pH-Y(p), (11)

3
Ez(P):#‘Y »), (12)

4
E(p)= 2 Y(p). (13)

ap® +p* +kp+k,
We develop obtained transfer functions into a series by increasing
powers of complex value p

E(P){Co +clp+%p2+---]Y(p)» (14)

converging for small values of p, ie, for sufficiently large values of time ¢,
which corresponds to the settled process of output change for a given input
form.
Moving in (14) to the original, we get the formula for the steady-state
error
dy(t) 1 dy(¢)
£ t)=cyylt)+o—=+cy ——+.... 15
ycm() Oy() 1 dt 2 21 dt ( )
The values of ¢, ¢, ¢, are errors coefficients and are determined by
the general rule of the development into the Taylor series.

Co=[Wg(p)]p:0, Cl:[de—(p)}_ , Clzlw} s (16)

dp dp*

where W, (p) = E(p)/Y(p).
We calculate coefficients for each case: for equation (4) ¢o=c¢; =0,

¢, = 21a; for equation (5) co=c¢; = ¢, =0, c; =31 %; for equation (6)

(24
6020126226320,64:41—.
2

d"y(t
Thus, in equation (6) if the input signal y(f) derivatives dy( ) =0
tﬂ
. d'y(1)
for n >4, then the settled error will be absent. If o # 0, then a set-
t

tled error will appear
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4
Si-max d y(t) .
k2 t dt4

It should be noted that the replacement of the original equation (2) by
approximate equations (4)—(6) increases the system’s astatism order, re-
spectively for 1, 2 and 3 units. Increasing the order of astatism naturally
leads to an improvement in the accuracy characteristics of the system.

Obviously, it is possible in principle to further increase the order of
the system's astatism, but for each specific case it is necessary to analyze
the costs associated with the complication of the calculation scheme and
the resulting effect of increasing the accuracy of differentiation.

The total average quadratic error in the differentiation of the signal
arriving in the mixture with noise is determined by the expression

g =D, +&0,. (18)

(17

| yem

Function £ in the case when Eyem S0, D, <0 has a minimum val-

ue, which is achieved for the regularization parameter ¢, satisfying equation
dg;}
Ta 0. (19)

Conclusions. Thus, it is possible, with a priori information about the
values of the input signal y(¢) derivatives, its spectral range, as well as the in-
terference dispersion value D,, to select one of the proposed relations (4)~(6)
in the solution of a noisy signal differentiation problem, in which to determine
the optimal value of the regularization parameter « considering (19). It should
be noted that the quality of the solution depends on a priori information about
the reliability of the solution (3(¢) derivatives values) and interference (noise
dispersion D,). In the limit, if there is a fully reliably source data, proposed
methods allow to obtain accuracy-optimal solution of the problem.

Note also that in view of the Volterra properties conservation of pro-
posed algorithms to approximate a continuous sustainable differentiation
noisy signal can solve the task in real time by applying the method of di-
rect modeling [3].
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XapkiBCHKHUIT HAI[IOHANBHUH YHIBEPCUTET PaIioeNeKTPOHIKH, M. XapKiB

MACLUTABHI ATAKU HA OELIEHTPANI3OBAHI CUCTEMMW,
LLIO NOBYAOBAHI HA OOQHOPAHIIOBUX
NIPUHTOBUX MEPEXAX

Ipencrasneni creHapii MacmTaOHUX aTak Ha JELEHTpalli30Ba-
Hi CHCTeMHU Ha IPHUKJIAAlI KPUITOBATIOTH Bitcoin, siki ocHOBaHI Ha
BPa3IMBOCTAX MpoTokory BGP ta HagMipHIll nmeHTpamizamii mep-

IIOTO PiBHA apXiTEKTYPU JaHUX CHUCTEM.

Kurouosi cioBa: oeyenmpanizosarna cucmema, Bitcoin, BGP, 00-

HOPAH206a NIPUH206a Mepedca, MeXaHism OOCASHEHHS. KOHCEHCYC).

Beryn. HaiGinpmn nmomyasipHOIO JEIEHTPaTi30BaHOI0 CHCTEMOIO Ha
JaHWH MOMEHT € KpumnToBamioTa Bitcoin, puHKOBa KamiTamizamis sSKoOi Ha
nmouyatok 2017 poky ckmamana moHan 18 mimespais gosapis CIHA [1].
[MonynsipHiCTh JIELEHTPAII30BAHUX CUCTEM IIOSICHIOETHCS BIJICYTHICTIO
LEHTPaII30BAHOTO OpraHa YIpaBIiHHs, BIIKPUTICTIO Ta MOXKJIMBICTIO 30€-
pexenHs1 KoHQineHuidHOCTI. [lepeBaxkHa OiIbLIICTh TAKUX CHCTEM Oyamy-
€THCS HA €MHIN apXiTEKTYypi, siKa OKa3aHa Ha puc. 1.

3. IlpoTokon ieneHTpasi3oBaHol
CUCTCMU

2. Texnonoris Blockchain

P
l

»
>

1. OtHOpaHroBa MipMHIOBa Mepexa

»
»

[
»

4. Mexauizm
JIOCATHEHHS

KOHCEHCYCY

Puc. 1. 3azanvna apximexmypa oeyenmpanizo8anux cucmem
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