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IMPLEMENTATION OF INTEGRAL EXPLICIT MACROMODELS
BY MEANS OF QUICK-ACTING ALGORITHMS

A class of mathematical models of dynamic objects in the integral
macromodels form, built on the «input-output» principle is considered.
The possibility of reducing errors and increasing speed of the modeling
process using quadrature formulas based on integral macromodels in
the Volterra operators form (Volterra-Hammerstein) is investigated.
The constructive algorithms of numerical modeling procedures are
proposed using the method of dividing kernels.
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Introduction. Integral macromodels with a sufficient degree of ade-
quacy for practical applications display processes in dynamic objects of
varying complexity, assuming their representation by the «input-output»
principle [1]. The statement of the modeling problem is set as follows:

e the dynamic characteristic is specified by K (t, z’) of a linear part, nonline-
ar dependence F [] (for nonlinear objects) and the input signal x(t);

e it is needed to identify the output signal y(t) , accordingly using inte-
gral macromodels of linear and nonlinear objects:

y(t):jK(t,r)x(r)dr, (N

y(t)z K(t,r)F[x(r)]dz’. 2)

In the relevant literature, integral macromodels of the form (1), (2)
are known as the Volterra operators [2—11].

The basis of the integral operators’ and the Volterra equations’ nu-
merical realization is the quadrature method, which consists [12, 13] in the
application of quadrature formulas for the approximate calculation of a
definite integral:

oSt~

b n

If(x)dx:ZAiﬁ(xi)+R[f]. 3)

a i=l1
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where x; — fixed abscissas (nodes) of the section [a,b], while x; =a,

x, =b; A — numerical coefficients or weighting multipliers; R[ f ] —
b
residual term (the approximation error). As arule, 4; >0, Z A4 =b-a.
a
There are a significant number of quadrature formulas of the form (3),
which include the Newton-Cotes formulas (also rectangles, trapeziums,
Simpson), Gauss, Chebyshev, etc. [12—14]. However, the use of the quadra-
ture method in the case of arbitrary type kernels is related with the accumu-
lation the number of operations on each discrete step, which in turn leads to
the errors accumulation and the decrease in the modeling process speed.

Aim of the work. Research of the possibility of improving the quali-
ty of dynamic objects simulation by using the quadrature method in the
case of using the dividing form kernels.

Dynamic Objects Simulation. The traditional approach to ensuring
the accuracy of the quadrature method is based on selection of the discreti-
zation step and the form of the quadrature formula. For example, the re-
quired form of the quadrature formula can be obtained if we divide the
integration interval into parts and apply our quadrature formula to each of
them separately. Obviously, when dividing the initial section into parts, we
should start from the condition that the integral of the resulting curve

should be as close as possible to the integral from the function f(x). Af-
ter this, the values of the integral from the function f (x) on the whole
interval [a,b] is defined as the sum of the found integral values from the

function on separate parts of the total section [a,b] .

Error minimization (increasing precision) of the quadrature formula
on the chosen functions class is achieved by choosing the quadrature-
shape coefficients and by choosing the integration nodes. Depending on
the usage, the nodes x; can be selected in different ways. For trapeziums

formulas, Simpson and Boole, it is recommended [12] to select equidistant
nodes. For the Gauss-Legendre quadrature, the selected nodes should be
the «zeros» of definite Legendre polynomials. The smaller the step of di-

viding a segment is selected [a,b], the more precisely result will be ob-

tained, but the number of computational operations increases, which re-
quires additional resources. An important feature of the calculations in this
case is errors accumulation with an increase of the number of steps, which
is defined not so much by the step magnitude and the calculation precision
on it, as by the «successful» or «unsuccessful» choice of the replacing
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integral method by the final total. Such situation is pertained to the process
of modeling objects in real time, when the integration interval (section

[a,b]) could be large or previously unknown.

Next, we will use the frequently used representations of integral op-
erators in the form:

(K ()P e ()] ar @

called Volterra-Hammerstein [15, 16], and the approximation of the inte-
grand expression written as follows:

jK 7)dr, xe[a,b]. (5)

It is worth noting that the property of increasing the volume of calcu-
lations with increasing the step relates to the case of the kernels with ran-
dom form. The computation rate increase can be achieved using the de-
generate dividing kernels method [17], which feature is the constant calcu-
lations amount in the step. Using this feature, we present the Volterra inte-
gral operator with a separating kernel:

[ () (2)de = [, (x) 5 () (2)de =

oo (6)
:Z{ai(x)jﬂi(r)y r)dr

After approximating the integral (6) and usage of quadrature sums,
we obtain:

xl

J.K(x,r)y(r)dr =

a

S (9] (e Jde=2er x)Zﬂ( $)r(x)=
a ™

=2 (x) /’71'(xn)y(x”)+§ﬂf<xf)y(x.i) =

= Zai (x)ﬂi (xn )y(xn )+Zai (x)z B (xj)y(xf )
i=1 i=l j=0
The value i a;(x) i B ( X; ) y( xj) is known because it’s calculat-
i=1 =0

ed in the previous (i - 1) -s step. Therefore, it remains to calculate the val-
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m
ue of the sum Zai (x) B (xn ) y(xn) , that requires an unchanged number

i=1 l
of operations at each i -s step.

The significant part of integral operators and equalities encountered
in practice have difference kernels presented in analytical form and having
the property of separation.

For macromodels, for example, of the form (2), the quadrature meth-
od leads to the following calculated expressions (depending on the struc-
tural arrangement of the linear part in the general object structure or the
absence of nonlinearity):

j/(tl-):iAjK<ti,rj)F[x(rj)], (8)
j(ti):F{iAjK<tiﬂfj):|’ )
7)) =24, K(5.7,)] - (10)

For the case of a degenerate kernel:
m i
f(ti)zzai(ti)zAjﬂi(Tj)~ (11)
i=1 j=1

If we introduce a nonlinear dynamic object with input and output
signals, accordingly go(t) , y/(t) while using a macromodel:

V()= )] B(:)FLo(e . 12

then, according to the quadrature’s method, it’s possible to construct an
algorithm for implementing the macromodel, shown in Fig.1. The algo-
rithm performs calculations using formula:

vi=hY ;Y (4,81 Flo; ]} | (13)
il j=0
where o, =, (4,); B; = (tj); h — discretization step; 4; — quadra-
ture formula’s coefficients; y; = (//(ti )s P = ¢(tj) .
Example. Suppose that on the interval [0,1] with step /4 =0,01

there is a task to implement a nonlinear integral operator.
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Fig. 1. The algorithm for implementing a macromodel, constructed
in accordance with the method of quadratures for
a kernel of random form

h 4

()= [ s et 04
0

where a=0,1; ®=0,01.
The exact value of the function sought is given by:
l//(t):%[asin2 (a)t)—wsin(2a)t)-(1—e7‘”)}. (15)
a +4w

The calculated ratio obtained based on the trapeziums formula for the
numerical realization of the operator (12) with a non-divided kernel has
the form:
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i (z):hZOAjz‘“(“’f).sinz(wzj). (16)
=
Using the kernel separability property, we obtain:
i () =hy 7 4,7 sin® (o). (17)
1=0 =0
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Fig. 2. The algorithm that implements realization of the Volterra
Hammerstein integral operators with a divided kernel
The calculations results are given in Table. 1.
The second column shows the results of exact solution, the 3-rd and
4-th columns represent approximate calculation results y?(ti) by algo-

rithms, shown in Fig. 1 and Fig. 2, respectively.
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Table 1
Exact and approximate solutions of the problems of the form (12)

t)— t)—

v e | e | e | YOO |
i) | va(n)

0,00 0 0 0 0 0 1 0

0,10 ]0,332*10|0,324*10°)0,434*10°0,782*10°|0,167*10¢ 56 6

0,20 |0,265*10*0,263*10]0,266*10*|0,161*10°|0,336*10° 112 6

0,30 0,893*10*|0,890*10%]0,894*10%|0,244*100,507*10°| 168 6

0,40 ]0,211*103]0,210*103]0,212*10°|0,326*10°|0,679*10°| 224 6

0,50 0,411*10°]0,409*10°]0,413*10|0,408*10°0,857*10°| 280 6

0,60 0,708*107|0,707*10°]0,709*103|0,490*10°0,102*10°| 336 6

0,70 ]0,112*102|0,110*10%|0,113*102/0,572*10|0,120*10| 393 6

0,80 ]0,167*1020,160*102|0,168*102|0,653*10°]0,138*10°| 448 6

0,90 0,237*102{0,234*102]0,238*102|0,734*10)0,155*10°| 504 6

1,00 [0,324*102]0,321*¥102|0,325*102|0,817*10°|0,173*10| 560 6

As can be seen from Table. 1, calculation by the algorithm that im-
plements the expression (13) gives the minimum error. This follows from
the fact that the number of arithmetic operations M, with increase of the

number of the discretization node remains unchanged, while the number of
arithmetic operations M, at numerical realization of the integral operator

on the first algorithm grows.

The quantitative estimation of the solutions’ accuracy is given in the
Table 2 by calculated ratios of residual terms of the quadrature formula of
the form (3), using representation of the Newton-Cotes (for the case when
the initial point of the section coincides with the interpolation node).

Table 2
Residual members of the quadrature Newton-Cotes formula
n R[f] n R [f]
2 -[(/12)1f"] 7 ~[(9/1400)#° ™ ]
3 ~[(1/90)w* 1" ] 8 ~[(s183/518400) 1’ 1" |
4 ~[(3/80) 1" ] ? ~[(2368/467775) " 1 |
> ~[(8/945)07 1" ] 10 ~[(4671/394240) 1" 1 |
| ~[rs/n2006)w” ;™ ] | 1| ~[(673175/163459296) 1 1 |

It should also be noted, that the algorithms shown in Fig. 1 and
Fig. 2, have a close computational complexity.
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Conclusion. A quick-acting algorithm for numerical realization of dy-

namic macromodels in the form of integral operators with divided kernel is
proposed, which provides real-time calculations. The algorithm can serve as a
basis for the creating of quick-acting specialized calculators for solving control
and monitoring problems as well as for modeling a wide class of dynamic
objects and processes. Through the given computational experiments, the al-
gorithm confirms the constructiveness of the proposed approach.
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PEANI3ALIA IHTEMPANIbHUX MAKPOMOLENEN ABHOIO
BMAy 3ACOBAMU LLUIBMOKOAOIKOYUX AITTOPUTMIB

Po3msiHyTO KiTac MaTeMaTHYHUX MoZeNel THHaMIYHHX 00'€KTIB y (opmi
IHTerpaJIbHUX MaKpOMO/IeIIeH, o o0y J0BaHi Ha IPUHIINII «BXiI-BUXiD» [lo-
CIIHKYETBCS MOXJIMBICTH 3MEHIICHHS MOMIJIOK Ta ITiIBHIICHHS IIBHIKOCTI
HPOLIECY MOJICTIOBAHHS 3 BUKOPHCTAHHSIM KBAJIpaTypHUX (HOPMYIJ HA OCHOBI
iHTerpabHUX MakpoMmozeneid y ¢opmi omepatopis Bombpreppa (Bonbreppa-
XammepuiTeriH). 3anporoHOBAaHO KOHCTPYKTHBHI aJITOPUTMHU HPOLIEAYD YHCe-
JIEHOT'O MO/IC/TFOBaHHS1, BUKOPHCTOBYIOYH METOJI POCUCTUICHHS SIep.

KoirouoBi ciioBa: maxkpomooer, inmespanvHuil onepamop, Keaopamyphi
Gopmynu, noxubxa Mooeno8anHs, 0OYUCTIOBANLHULL ANCOPUMM, UEUOKOOIA.
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[Moninbchkuii Aep:kaBHUM arpapHO-TEXHIYHUHN YHIBEPCUTET,
M. Kam’suneup-Iloainbepkuii

MATEMATUYHE MOOENIOBAHHA KONMBHUX NMPOLIECIB
Y HEOBMEXEHOMY KYCKOBO-OQHOPIAHOMY
KNnMHOBUAHOMY CYUINbHOMY UUNIHAPI

AKTyasIbHICTb Teopil KpaiioBUX 3a1ay Uil JudepeHIiaTbHuX piB-
HSHb 3 YACTUHHUMH TIOX1THUMH, SIKa iIHTEHCHBHO PO3BUBA€ETHCS, 00Y-
MOBJICHA SIK 3HAUMMICTIO 11 pe3yJIbTaTiB Iy PO3BUTKY OaraTbox po3mi-
JIB MaTEeMaTHKH, TaK 1 YUCICHHUMH 3aCTOCYBAaHHSAMH 1i JOCSTHEHb
IIPY MAaTEMAaTHYHOMY MOJIEITFOBaHHI Pi3HUX MPOLECIB 1 SBUI (i3UKH,
MEXaHiKH, O10JI0Ti1, MENIIMHK, EKOHOMIKH, TEXHIKH.

JloOpe BimOMO, II0 CKJIAHICTh JOCIIDKYBAaHUX KPalOBHX 3ajad
CYTTEBO 3AJI)KUTH BiJl KOQIIi€HTIB PIBHAHE Ta reoMerpii ooacTi B
SKIH po3rysiaeThest 3amada. Ha el yac OCHTH JeTanbHO BHUBYEHO
BJIACTHBOCTI PO3B’A3KiB KPaHOBHX 3a/1au TS JIHIHHUX, KBa3UTiHIHHIX
Ta NEBHUX KJIaCiB HEMHIMHUX PIBHAHB B OHO3B I3HUX O0NACTSIX.

Bozanouac 6araTo BaXIMBHX NMPUKIAIHUX 33134 TEro(pi3uky,
TEPMOMEXaHIKH, TEOPii MPY>KHOCTI, TEOPii EIEKTPUIHUX KL, TEOpii
KOJIMBaHb TPUBOAATH N0 KpaioBUX 3amay mis JuepeHmiaTbHUX
PiB-HSHBb 3 YACTHHHUMH MOXIMHUMH HE TUTBKH B OJHOPITHUX 00-
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