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tions of the rotational motion of a rigid body in the Rodrigues Hamilton
parameters. In this paper, this approach was used to solve the main prob-
lems of controlling the angular motion of a spacecraft: stabilization prob-
lems and terminal control problems. The article may be useful to develo-
pers of spacecraft attitude control systems.

Key words: Rodrig-Hamilton parameters, spacecraft, quaternion, ori-
entation, dynamical equation for the quaternion.
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METHOD OF RESTORATION OF INPUT SIGNALS
OF NONLINEAR DYNAMIC OBJECT
WITH DESTRIBUTED PARAMETERS

The article deals with the method of signal restoration at the
input of a nonlinear dynamic object with distributed parameters. To
describe these objects, a universal mathematical model in the form
of a Volterra integro-degree series has been chosen. The problem
of signal restoration is reduced to the problem of solving the
Volterra polynomial equation of the first kind. The numerical im-
plementation of such models is suggested to be carried out using
quadrature methods, in particular, the method of trapezoids. In or-
der to increase the stability of the solution in the presence of noise
interference in the input data, it is suggested to use the differential
regularization operator, which allows the incorrectly set task to be
transformed into a class of correct ones. The possibility of applying
such an approach is studied in solving the Volterra polynomial in-
tegral equation of the second order type, which describes nonlinear
dynamic objects with quadratic nonlinearity. The computational
formulas for solving this type of equations are given in the article.
The received nonlinear second-order algebraic equations after ap-
proximation of the initial equation by integral sums are solved by
iterative methods with initial approximation in the form of a pre-
calculated radical. The developed algorithms are implemented as
software modules in the Matlab, with the help of which a number
of computational experiments have been carried out. As an exam-
ple, non-linear dynamic objects that contain static non-linearity of
the second order and dynamic links that are typical for objects with
distributed parameters have been chosen. Such links are: a semi-
integral link, an attenuation link (semi-delay) and a semi-inertial
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link. On the basis of applying the equivalent transformations, the
macromodels of objects with distributed parameters have been ob-
tained in the form of a polynomial integral Volterra equation of
the I kind of the second order with the kernels that describe the
above-mentioned components. The results of the computational
experiments, presented in the form of graphs, showed that the sug-
gested approach can be effectively used in restoration of signals at
the input of nonlinear dynamic objects with distributed parameters.

Key words: signal restoration, nonlinear dynamic objects with
distributed parameters, Volterra series, Volterra equation of the
first kind, Matlab / Simulink.

Introduction. While solving the problem of signal restoration at the
input of nonlinear dynamical systems, there is usually a need to solve
Volterra nonlinear equations of the first kind [1, 3, 5, 6]. Applying of in-
tegro-degree Volterra series, which is a universal mathematical model for
describing nonlinear dynamical system [4],

y(0) = [ K (t,0)x(2)de + [ [ Ky (47, 0)x(m)x(z)dnde, +., (1)
0 00

where x(t), y(t) — respectively, the input and output signals of the ob-
ject, t — time of the transient process, K;(¢,7;,...,7;) — Volterra kernel,

makes it possible to simplify nonlinear mathematical models by convert-
ing them to a quasi-linear type [1, 4]. It also should be noted that the ap-
plying of Volterra series will allow to solve the problems of modeling dy-
namic objects with lumped and distributed parameters based on the same
means, because for these objects, mathematical models will differ only in
the form of kernels [2, 6].

In general, the problem of restoration can be reduced to the Volterra pol-
ynomial integral equations of the 1st kind (1). In the linear variant, we will
have a classical form of the integral of Volterra equation of the 1 kind with
one kernel K, [1, 4]. The invalidity of signal restoration problem requires the

applying of indirect approaches to the solving of integral equations of the first
kind. The most effective approach to solving these problems is the appliance
of regularization methods, the application of which will allow obtaining the
sustainable solutions to the problem of restoration [3, 6].

Therefore, the development of new methods for solving Volterra
polynomial integral equations of the 1* kind based on regularization algo-
rithms for restoration of input signals of nonlinear dynamic objects, both
with lumped and distributed parameters, is an urgent task.

The aim of the work is to develop an effective method for solving
inverse problems of dynamics of nonlinear objects with distributed param-
eters by solving Volterra polynomial integral equations of the first kind.
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The main part. Solving of this problem will be considered on the ex-
ample of solving the Volterra polynomial integral equation of the 2nd kind:

[K\(t0x@dr+ [ [ Ky (7, 0)x()x(r,)drde, = y(@). (2)
0 00

The problem of regenerating a signal that is altered by a nonlinear dy-
namic object is incorrect, and using of classical methods for solving such
problems in the presence of noise interference in signals does not allow ob-
taining stable solutions with the necessary accuracy. It is suggested to use a

. . . . dx
differential regularization operator of first kind a; , where ¢ — a parame-
t

ter of regularization. In this case the solution of Volterra polynomial equation
is reduced to solving of the following integro-differential equation:

a%+ [ K\, 0)x(0)ds + [ [ K, (8,71, 7)x(5)x(,)drid, = y(0) . (3)
0 00

The given problem is suggested to be solved by replacing the inte-
grals in (3) quadrature formulas, which allows to obtain a number of ad-
vantages, in particular, the simplicity of implementation and high stability
of computational algorithms due to the regularizing properties of choosing
the quadrature step [6]. Applying to (3) the method of trapezoids and dif-
ference formula of the first kind [1, 3], the following will b received:

a% —hK; (1;,1;) x ZhKl(tl’t) ( )

+%hl<l (tl.,zo)x(zo)+—hzl(2 (tistgoto ) x(t ) x (2 ) +

+%hzz(K2(tl,t0,j)+K2(l, ol ))x(to)x(tj)+
Jj=l1
i—1 i1

”’ZZ;,Z}KZ(ti”j,”g)x(’j)x(’g)Jr (4)
J=1g=
+= h2<K2(tl, tinty)+ Ky (1:1001;) ) x (1) x (1) +
+%h22(1(2(t1,tl )+ K (1t ot ) (1) (1) +
=1

+— thz(t ti2)x(4;) x(4) = v(1,),
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where i = G, h=t —t,_,. The (4) should be rewritten by grouping the

summands for the target value x(7;):
1
thK2 (i) %7 (1) +
1
7 (s 010)+ K (10,0 500+
1 i—1
+5h22( (tl,tl ,t1)+K2( " ,tl))x(tj)+
Jj=1
K (11) ij(t,.)+
. (5)
+ZhK1(,, i)x (tj)+th1(ti,t0)x(t0)+

+—h2K2 (1520520 ) X (20) x (2 ) +

—
Il

+h222K2 (ti,tj’,tg)x(tj)x(tg)—%x(ti_l)—y(ti): 0

n quadratic equations (5) are solved sequentially on the basis of the itera-
tive method, and, for the initial approximation the root of the previous
equation is taken [3].

Software implementation of the method. On the basis of the sug-
gested method, a software tool for restoration of signals in the form of a
program module for solving the Volterra polynomial integral equation of
the 1% kind of the second order by the method of trapezoids was developed
in Matlab environment — a function

x=i nvvol terraseries2treg(kern,y,t, h, al pha),
where ker n — kernel of Volterra series, which are given as an array of
functions; y — ordinate vector y(t) ; t — vector of values of time varia-
ble #; h — simulation step, al pha — regularization parameter.

Structural and algorithmic method of obtaining solutions. Let’s
consider a dynamic object with non-inertial nonlinearity, which is de-
scribed by the structural scheme represented in Fig. 1. On a structure dia-

gram A(x(t)) — linear component, F (u(t)) — nonlinear component.
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x() u(t) v (1)

—p| 4(x(1)) oI F (u(1)) —

Fig. 1. Structure diagram of object model

For objects with distributed parameters the following basic typical ir-
rational and transcendental links can be distinguished, they are defined by

the operatorA(x(t)): semi-integral, semi-inertial, delaying and damping

(or semi-delaying) [2]. In table 1 the Volterra operator A(x(t)) for the

above links is described.

Table 1
A set of typical irrational and transcendental units
Link name Volterra operator
Semi-integral u (t) = j k x(t-7)dr
)t

“k T z T
Semi-inertial u(t)= I— — —elerfc,|— |x(t —7)dr
o T\ 7k T

t
Delaying u(r)= I§(T)x(, —0)dr
Damping (semi c[r
amping (semi- _ T —; B
delaying) u(t) = IO-5 - e “x(t-r1)dr
0

k, T — constants

In the case if a non-inertial nonlinear element F (u (t)) , can be repre-

sented by a Taylor series or a polynom, the macromodel in the form of a
structural diagram (Fig. 1) is represented by Volterra serries (1) [4].

Computational experiments. Let’s consider the case when the linear
part is determined by the semi-integral link, and the nonlinear part has the

form: F(u(t))=u+ u® . After applying equivalent transformations [4] the mac-

romodel in the form of an integro-degree series Volterra is obtained as a result:
x(t-7 dr+jj x(t—7)x(t—7,)drdr, . (6)

At numencal realization of the received model at the point of zero of
kennel are singular, therefore instead of zero point the value of h modeling
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step is taken. With the help of the developed software assets, a number of
computational experiments have been conducted. In fig. 2 a signal with
noise interference is shown, on the basis of which the input signal is re-
stored. In fig. 3 the accurate and restored signals are provided.
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Fig. 2. Signal on the output of the nonlinear dynamic object (6)
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Fig. 3. Signal on the output of the nonlinear dynamic object (6)
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In the case when the linear part is determined by the semi-inertial
link, the macro-model in the form of the integro-degree Volterra series has

the form:
t z
0= ;[,/%—e%rfc\/;]x(t—f)dﬁ
tt 2 o &

On Fig. 4 the results of signal restoration are given.
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Fig. 4. Signal on the output of the nonlinear dynamic object (7)

[ — accurate, —— — restored)

The macro model in the form of the integro-degree Volterra se-
ries, providing that the linear part is determined by the link of delay,

has the form:
t T T
y(@t) = JO.S [—e *x(t-7)dr =
0 T

T(‘r‘ +12) (8)

tt T 1 —
+££0.52; /We i x(t-1)x(t -1, )drdr,.

On Fig. 5 the results of signal restoration are given.
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0 5 10 15 20
t, s
Fig. 5. Signal on the output of the nonlinear dynamic object (8)
[ — accurate, ————— — restored)

Conclusions. The computational experiments have shown that the

developed regularization method for solving Volterra polynomial integral
equations of the first kind on the basis of on the introduction of a differen-
tial regularization operator allows obtaining high accuracy in regenerating
of signals at the input of nonlinear dynamic objects with distributed pa-
rameters in the presence of noise interference.
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METO[ BIAHOBNEHHA CUTHANY HA BXO[|
HENIHIMHOIoO AMHAMIYHOIO OB’EKTA
3 PO3NOAINEHAMU MAPAMETPAMU

V cTarTi pO3MIISTHYTO METOJ BiJJHOBJICHHS CHUTHAIY Ha BXOJI HEMiHil-
HOTO AMHAaMIYHOTO 00’€KTa 3 PO3MOJIICHUMHU MapameTpamu. s omucy
IaHuX 00’€KTiB 00paHO yHiBepcalbHy MaTeMaTUYHy MOJEIb Y BUIJLSII iH-
TErPO-CTENEHEBOTO psiay BosbTeppu. 3amaua BiHOBIEHHS CHTHAIY 3BO-
JUTHCS 10 3a/a4i po3B’s3yBaHHs IOJIHOMIiaNbHOrO piBHSAHHI Boabreppu
nepumioro poxay. UucenpHy peaii3amilo TakMxX MOJeJeH INPOIOHYETHCS
3IiHCHIOBATH 3 BUKOPHCTAHHAM KBaJIpaTypHHX METOJIB, 30KpeMa, METOIy
Tpaneriit. [{nst 301IbIIeHHS CTIHKOCTI PO3B 3Ky MPH HASIBHOCTI IIYMOBHUX
3aBajl y BXiJIHUX JaHUX 3aIPONIOHOBAHO BUKOPHCTaHHS AU(EPEHIIATEHOTO
peryispu3aniiiHoro omepartopa, SKHH J03BOJISIE HEKOPEKTHO ITOCTABICHY
3ajavy MEPeBeCTH y KJac KOPEKTHUX. MOJKIIUBICTh 3aCTOCOBYBAHHS TaKO-
ro MiJXO0AYy IOCIHiMXKEHO IPH PO3B’sI3yBaHHI MONIHOMIaTbHOTO iHTErpajb-
Horo piBHSHHA Bonbreppu | pony apyroro nopsjaky, sike OmUCye HeMiHiiHI
JMUHAMIYHI 00 €KTH i3 KBaJpaTHYHOIO HENiHIHICTIO. B craTTi HaBeneHO
obuuciroBaneHi GOPMyYIIH IUIsl PO3B’sI3aHHS JAHOTO THITY PiBHSHB. OTpH-
MaHi HeNiHilHi anreOpaidHi PiBHSAHHS APYroro MOPSAKY MICNs AlpOKCH-
Marlii BUXiTHOTO PiBHSHHS IHTETPaTbHUMH CyMaMH PO3B’SI3YIOThCA iTepa-
LOiTHIMHU METOaMH i3 IOYaTKOBUM HAOIIDKEHHSM Y BHTIISAL TOMEPETHBO
obuucieHoro kopeHs. Po3po0bieni anropuTMu peaxizoBaHO y BUIIIAL IPO-
rpaMHHX MOZYJIB B cepenoBuili Matlab, 3a JOMOMOrol0 SIKMX HMPOBEICHO
psin OOYMCITIOBAIbHUX CSKCIEPHUMEHTIB. SIK MpHUKiIang, BUOPAaHO HEMiHiHHI
IUHAMI4HI 00’€KTH, SKi MICTATh CTaTHYHY HENIHIHHICTH APYTOTO MOPSIKY
Ta TUHAMIYHI JJAHKH, SKi € THIIOBUMH JJIs1 00’ €KTIB 13 PO3IOIUICHIMH TTa-
paMerpamu. TakuMu JJaHKaMHU €: HaliBiHTErpajbHa JIaHKaA, JaHKa 3aTyXaH-
Hs (HamiB3ami3HEHHs) Ta HamiBiHepIiliHa lanka. Ha oCHOBI 3acToCyBaHHs
€KBIBAJICHTHUX TIEPETBOPEHb OTPUMAHO MaKpOMOJENi 00’ €KTIB 3 PO3MOIi-
JICHUMH TapaMeTpaMH y BHUIIIAAL MOJIHOMIaJbHOTO IHTETPAILHOTO piB-
HstHHsL Bonsreppu | poy Apyroro nopsiaky i3 sapami, siki OMHCYIOTh BKa-
3aHi BHINE JIAaHKH. Pe3ynpTaTi 00YMCITIOBANIBHUX €KCIEPUMEHTIB, sIKi Ha-
BE/ICHO y BHUIIIAAI rpadikiB, MoKasany, 10 3aMpONOHOBAHMI MiIXid MOXe
e(eKTHBHO BHKOPHCTOBYBATHChH IIPH BiJHOBIICHHI CUTHAJIIB HAa BXOJi HEJi-
HIHUX TUHAMIYHUX 00’ €KTIB i3 PO3MOIJICHUMH ITapaMeTpaMHL.

Ki11040Bi ¢J10Ba: 8i0HOBNICHHA CUSHANIE, HENIHIUHI OUHAMIYHI 00 eKmu
3 po3nodinenumu napamempamu, paou Boremeppu, piensauns Bonomeppu [
pooy, Matlab/Simulink.
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