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This article examine algorithm to approximate function of two 
variables in the form of a bilinear series and also their application 
to the solution of Volterra integral equations of the second kind by 
using method of separate kernels. 
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Recently there has been a significant expansion of application area of 
Volterra equation of the second kind 

        , = ,
x

a
y x K x s y s ds f x   (1) 

where ( )y s  — desired function,  , ,x s a b , kernel ( , )K x s  and right 

side ( )f x  — specified. 

The main problems that make up the range of applications of this 
class of equations are problems of modeling dynamic objects and often 
real-time modeling problems. The solution of similar problems requires 
high speed and accuracy of computer tools. 

Replacement of integral with quadrature formula that underlies the 
quadrature method for solving equations [1] represents the most direct and 
in most practical cases the most effective way to prepare Volterra equation 
for computer implementation. 

Under the condition that kernel of integral equation is separable 

      =1
, =

l
i ii

K x s x s   (2) 

following method can be used. Let's write equation (1) for separable 
kernel 

          =1
= .

xl
i ii a

y x x s y s ds f x    (3) 

Converting equation (2) into discrete form results in 

          =1
= ,

xl
p i p i pi a

y x x s y s ds f x    (4) 

= 1,p n  which will allow to use quadrature formula of trapezoid with 

constant step h  for solving integral equation and obtain the following 
recurrent expression: 
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where = 2,k n , 
0,5 = 1

=
1 > 1p

if p
A

if p


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. Expression (4) allows to keep the 

number of calculation on every step the same, because for calculating each 

of l  sums  1

=1

k
i p p pp

x A y  results from previous step 

     1 2
1 1 1=1 =1

=
k k

i j p p i p p p i p p pp j
x A y x A y x A y   

    , = 3,k n  can 

be used and therefore it's appropriate to use feature of separable kernels 
for solving Volterra equation. However this feature doesn't occur often 
therefore it is necessary to have an effective method for representing any 
kernel in separable form. One of possible approaches suggested further. 

Let's consider the problem of constructing a separable kernel as 
obtaining sequentially members of bilinear sum (2) [2] in square 
[ , ]a x s b   with the condition of a minimum of functional 
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where n  and m  are weight coefficients at summands which consider first 
derivatives  ,K x s  with respect to x  and s  in accordance and can be set 

based on function nature or as 0. 
Equating the left side of functional (6) to zero (ideal case 

approximation) allows to obtain through equivalent transformations an 
expression for finding desired  i x  as a differential equation 
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with boundary values 
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and similar equation for  i s  
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with boundary values 

  
 

 
 

 

 

' '

' '
, ,

= , = .

b b

x sa a
i ib b

i ia a

K a s ds K b s ds
a b

s ds s ds
 

 

 
 

 (10) 

The solution of equations (7) and (9) gives the desired functions 

 ( )j
i x  and  ( )j

i s . It's necessary to take into account that this 

procedure requires multiple execution of differentiation operation that in 
case of numerical calculations can lead to large errors and often to the 
inability of obtaining the result with required accuracy. 

To simplify the calculation formulas and to increase calculation 

stability expressions    ' b

i ia
x n s ds   ,  ' ,xxnK x s  for (7) and 

   ' b

i ia
s m x ds   ,  ' ,ssmK x s  for (9) can be neglected which is justified 

for small values of n  and .m  Using obtained expressions in turn 
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for forming    i ix s  , where  1 , = ( , )K x s K x s ,    0
i s  specified 

priori and replacement = 1i i   and        1 1 1, = ,i i i iK x s K x s x s     

occurs under the condition 
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where   — specified accuracy index for calculating functions  i x  and 

 i s . New terms of series are made until condition is fulfilled 

      =1
, ,

l
i i apri

K x s x s     (14) 
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where apr  specified accuracy index for approximation. This way we get  

series (2) which approximates kernel  ,K x s  with required accuracy. 

Using given algorithm developed programs which resolved following 
examples. 

Example 1. Solving the Volterra equation of the second kind 

     = ,
x x s x

a
y x e y s ds e     (15) 

with known solution   = 1y x  in advance, fig. 1 shows function 

 , = x sK x s e   

 

Fig. 1. Function  , =
x s

K x s e
   

Table 1 

Solving method 
Quadrature method of 

trapezoid 

Quadrature method of 
trapezoid considering 

separable kernel 
 Terms of solution   0 < , < 1x s , 3= 0.1h    0 < , < 1x s , 3= 0.1h , 

= = 0n m , 4= 0.1 , 
5= 0.1apr   

 Elapsed time   0.006681 s   0.005262 s  

 The maximum deviation 
obtained from the exact 
solution  

 8
8.3494 *10

    88.3493*10   
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Example 2. Solving the Volterra equation of the second kind 

        
23 2

4

1
= ,

x

a
y x xsin xs y s ds x

tg x
   (16) 

fig. 2 shows function    23, =K x s xsin xs . 

 

Fig. 2. Function    23
, = sinK x s x xs  

Table 2 indicates the results of solving equation (16) and fig. 3 shows 
solution. 

Table 2 

Solving method 
Quadrature 
method of 
trapezoid 

Quadrature method of trapezoid 
with separable kernel construction 

Terms of solution  0 < , < 1x s , 
3= 0.1h   

0 < , < 1x s , 
3= 0.1h , 

= = 0n m , 
4= 0.1 , 

5= 0.1apr   

0 < , < 1x s , 
3= 0.1h , 

= = 0.05n m , 
4= 0.1 , 

5= 0.1apr   

Elapsed time   0.016696 s  0.009243 s  0.009149 s 
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Fig. 3. Solution ( )y s  

Use of numerical algorithms for approximation kernels of integral 
equations, as functions of two variables allows to improve performance 
and extend the application of the method of separable kernels. 
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