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A PARALLEL TRAJECTORY PLANNING METHOD
IN THE STATE SPACE WITH EXACT
SORTING-BASED NEIGHBOR SEARCH

The trajectory planning problem in a state space with obstacles and
feasibility constraints has been studied. The rapidly exploring random
tree method has been considered, in which each iteration has per-
formed random sampling, selection of the nearest tree vertex, construc-
tion of a candidate extension, feasibility checking, and insertion of a
new vertex into the tree. In parallel implementations on a graphics pro-
cessing unit, nearest-vertex selection has become the latency-limiting
stage because exhaustive distance evaluation has been followed by a
global minimum reduction that has required multi-stage synchroniza-
tion and frequent access to global memory, resulting in a large syn-
chronization-induced hidden time constant. An improved parallel plan-
ning method has been proposed that has combined batch-based macro-
steps for tree expansion with replacement of the standard nearest-
vertex kernel by an exact sorting-based nearest-neighbor search opti-
mized for a graphics processing unit. The batch organization has over-
lapped independent candidate generation and feasibility checks and has
applied a coordinated tree update after all subtasks have completed,
while the sorting-based search has ordered vertices by projections onto
a leading direction and has performed guaranteed candidate-set shrink-
ing so that exact distance evaluation has been executed only for a small
subset. Numerical experiments on the nearest-vertex stage have con-
firmed a pronounced reduction of the normalized hidden constant, and
an end-to-end analysis based on Amdahl’s law has indicated increasing
overall speedup as nearest-vertex selection has become dominant, par-
ticularly for large trees and higher-dimensional representations. Addi-
tional end-to-end tests in two-dimensional environments of size
100x100 and 200200 with varying obstacle counts have demonstrat-
ed consistent runtime improvements, with the relative benefit tending
to grow for more cluttered scenes.
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Introduction. Trajectory planning problems in obstacle-constrained
state spaces are fundamental for robotics, autonomous navigation, control
of unmanned platforms, and other intelligent systems where a solution
must be obtained under strict time constraints [1-3]. One of the most wide-
ly used trajectory planning approaches is based on constructing a rapidly
exploring random tree, in which the space is explored by iteratively ex-
panding the set of reachable vertices [4-5].

At the same time, in complex three-dimensional environments or in
high-dimensional state spaces, the cost of finding the tree node nearest to a
random sample increases sharply [6-7]. In parallel GPU (Graphics Pro-
cessing Unit) implementations, this operation includes not only massively
parallel distance computations, but also a coordinated reduction to the
minimum, which introduces significant synchronization overhead and a
large hidden time constant [8-9]. As a result, practical scalability degrades,
and the parallel speedup saturates as the tree grows and the environment
becomes more complex [10].

This paper proposes and evaluates an improved parallel trajectory plan-
ning method, in which the algorithmic latency is reduced through two com-
plementary solutions: a batch-based organization of tree expansion and the
replacement of the nearest-node search with an ordered exact neighbor search
that guarantees a reduced candidate set and is implemented on a GPU.

Formulation of the problem. Let X be the state space of the mo-
bile object, X, < X be the subset of admissible states with no colli-

sions with obstacles, and O be the set of obstacles. The initial state
Xinit € X ree @Nd the goal state Xy € X are given. The task is to find

a continuous path

£:[01] > X free @)
such that p(0) =Xy, £(1) = Xgea » @nd the path does not intersect any
obstacles.

Basic structure of the rapidly exploring random tree and identi-
fication of the dominant stage. Let, at step k , the tree be defined as
Nk
TkZ(Vkka)’Vk:{Xi}izlcxfreel Nk=[Vk|- 2
One iteration of tree construction is given by a sequence of interde-
pendent operations: generating a random sample xggd € X free ; finding the

nearest-node
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k . k
Xk =g Min X — X3 3)

constructing a candidate node xg;\)v as a directed step from xff;gr toward

) checking the feasibility of the segment [xggr xgzﬂ C X e With

rand *

respect to the obstacle set O ; and consistently attaching xrﬂ';&, to the tree
by updating V,,; and E, ;.
';) is defined based on x¥)

i (
Since Xnew near !

and the feasibility check is per-
formed for the edge (x,ﬁtgr xg'év)v) , operation (3) becomes the latency limiting

component of each iteration. Therefore, the key factor in reducing the total
solution construction time is the implementation mechanism of operation (3).
We represent the execution time of operation (3) as

z'near('\lk’d)zz'dist(’\Ik!d)'*'fmin(’\lk)! (4)
where g, is the time to compute the distances X; —X,nq for i=1,...,N,,
and 7., is the time to find the minimum among N, values. On a GPU,
Tgit IS Massively parallel, whereas 7., (N, ) is implemented as a multi-

stage reduction of intermediate minima and involves significant synchro-
nization overhead.

Improved parallel trajectory planning method. The proposed
method combines two components: an algorithmic component and a local
component. In the algorithmic component, a batch-based organization of
tree expansion is introduced, where weakly dependent subtasks for gener-
ating candidate extensions and performing feasibility checks are executed
with temporal overlap. This shortens the dominant part of the iterative
process and reduces the algorithmic component of latency. In the local
component, the limiting nearest-node operation (3) is implemented via an
ordered exact neighbor search based on projection ordering and a guaran-
teed reduction of the candidate set. As a result, the global minimum reduc-
tion is performed not over N, elements, but over a candidate subset

m, < N, , which reduces the synchronization induced hidden constant.

Let us introduce a macro-step s, in which a batch of B>1 samples
is processed:

B
b
{Xl('znd)}b=l X free - (5)
For a fixed tree T :(V(s),E(S)), all B expansion subtasks are

- ,b) -
formed independently up to the attachment stage. For each b, xr(;ar) is de-
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(s, ) is constructed; and the feasibil-

termined according to (3); a candidate X,

ity of the edge (ng'aE),xf]Z;Nb)) is checked. Next, a coordinated attachment to

the tree is performed, during which a subset of feasible candidates is selected
such that the coordination rules and access constraints to shared data structures
are not violated. The duration of one macro-step is expressed as

b b b b
T~ max (re? +el) + ol GV AT ©

where s is the macro-step index; B is the batch size; b=1,...,B is the

batch element index; ng,nb) is the time to generate the sample x(& 0

rand
(55) is the time to determine 7(?); ¢(&2) s the time to construct the

candidate node ngwb)i Tézi ®) is the feasibility checking time; and Ts(y?c

denotes coordination overhead, including synchronization of subtask com-
pletion and controlled updates of the tree structure.
Let the sequential iteration have the average duration

Tit (Nk vd) = Tgen (k)"'Tnear (Nkvd)"'rsteer (k)"'z-col (k)"'radd (k) ’ (7)
where 7,4, denotes the overhead of updating the structures V,,;,E, ;.
The sequential time to grow the tree to size N is estimated as

N-1
Tag (N) = érit(Nk’d)' (8)

In the batch organization, during one macro-step s we form B candi-
dates, butonly 0 < B() <B . Let us introduce the average acceptance ratio

Ble)

Then, to grow the tree to size N, approximately Sy ~(N-1)/(7B)
macro-steps are required, and the total batch construction time is estimated as
Sy
TH*(N)= DT (10)
s=1
Using the average Ts(tzl)j ~Tep . We obtain

_N-1-

Ta’I)g;CICk (N) ~ 778 Tstep : (11)

Hence, the theoretical speedup of the batch organization relative to
the sequential one is estimated as
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_ Taﬁzq(N) ~ UBZ_-II 12
pack( )_TpaCk N N_F ) ( )
ag (N) Tsep

where 7; = E[rit (N d)} is the average duration of one sequential itera-

tion over N, e[1,N] for a fixed dimensionality d .

Since the nearest-node subtask is executed for each batch element
and appears inside the m’:l)é , operator in (6), even under ideal overlap of

the other subtasks the following lower bound holds:

Taeo  E fnear (Nis@) ]+ E[ Tk |, (13)
which implies a limitation on the growth of S, (N) as N, becomes
dominant 7., (N,,d).

Ordered exact search as a local kernel and reduction of the hidden
constant. Assume that the GPU implementation of (3) in the baseline case
relies on a full distance scan followed by a coordinated reduction to the mini-
mum, whose synchronization-driven time can be described parametrically as

Tmin (Nk ) ~ I(minI-IOQZ Nk ' (14)
where L is the characteristic latency of one coordination step, and K;, is a

hidden constant that summarizes the costs of barrier synchronizations, ex-
change of intermediate minima, and contention for global memory access.
In the proposed method, the full scan and reduction over N, ele-

ments are replaced by ordering via projections with a guaranteed narrow-
ing of the candidate set to m, <« N, , after which the exact minimum is
computed only over the candidates. Then

Toin (Mg ) = Kin L10g, My, me < Ny, (15)
which reduces the synchronization contribution in (4). In addition, the key
global component is shifted to the ordering stage, which has more regular

memory access patterns and typically a smaller and more stable hidden
constant than a barrier based reduction to the minimum.

Modeling and results. The numerical experiments are aimed at veri-
fying the key improvement of the proposed method, namely replacing the
standard nearest-node procedure in the rapidly exploring random tree with
an ordered exact neighbor search with a guaranteed reduction of the can-
didate set. Since, in GPU-parallel implementations, the nearest-node oper-
ation includes a synchronization-heavy reduction-to-minimum stage after
the massive distance computation, the quantitative analysis is performed at
the level of the local nearest-neighbor search operation. This approach

43



ISSN 2308-5916. Mathematical and computer modelling.
Series: Technical sciences. 2026. Issue 29. P. 39-48.

makes it possible to isolate the effect of the minimum-selection mecha-
nism and directly assess the reduction of the hidden constant formed by
barrier synchronizations and global memory accesses [11-12]. In addition,
a model-based estimate of the expected overall planning speedup is pro-
vided as a function of the time fraction spent on the nearest-node operation
in the baseline algorithm.

To quantitatively illustrate the reduction of the synchronization-
induced hidden constant, experiments on the local nearest-neighbor search
were conducted in two variants:

1. Full distance scan followed by reduction to the minimum;
2. Ordered exact neighbor search based on ordering and guaranteed nar-
rowing of the candidate set.

The measured processing time per query z was obtained using the
protocol and hardware configuration described in [5]: an AMD Ryzen 3
1200 CPU, an NVIDIA GeForce GTX 1050 Ti GPU, and double-precision
arithmetic. Scalable databases of size N e {13233,26466,52932,105864}

were considered, generated by duplicating vectors with added small
Gaussian noise, as well as two state-space dimensions d =512 and
d =4096. For each N and d, the average per-query processing time was
recorded for both implementation variants.

As a normalized indicator of the hidden constant, we use

K (N)=ﬂ, (16)
log, N
which characterizes the effective time contribution per logarithmic coordi-
nation level, accounting for hardware overhead, and enables comparison
across different N .
Tables 1 and 2 report the values of 7 and the corresponding esti-

mates of k(N) for d =512 and d =4096, respectively, as well as the

ratio ky; /kgyy » Which is interpreted as a quantitative measure of the re-

duction of the hidden constant when replacing the brute-force mechanism
with the ordered exact search.

Table 1
Estimated normalized hidden constant for d =512

N TsNN » © Tpf » C Ksan » © Kot » C Kot / Ksnn

13233 0.002000 0.010980 0.000146 0.000802 5.4900000
26466 0.003000 0.019010 0.000204 0.001294 6.336667
52932 0.003990 0.030000 0.000254 0.001912 7.518797
105864 | 0.006000 0.051010 0.000359 0.003055 8.501667
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Table 2
Estimated normalized hidden constant for d = 4096

N TSNN c Tyt » C kSNN ,C kbf ' C kbf /kSNN

13233 0.005010 0.062010 0.000366 0.004529 12.377246
26466 0.009000 0.130010 0.000613 0.008849 14.445556
52932 0.018990 0.244990 0.001210 0.015613 12.901001
105864 | 0.024980 0.389400 0.001497 0.023329 15.588471

In Tables 1 and 2, 7;; denotes the query processing time for the

brute-force distance scan followed by reduction to the minimum; zgy,

denotes the query processing time for the ordered exact search; N is the
database size; and d is the dimensionality of the vector representation.

Tables 1 and 2 confirm that the normalized indicator k (N) for the sort-

ing-based nearest-neighbor (SNN) search variant is significantly smaller than
for the brute-force variant. For the high dimensional case d = 4096 the ratio

kor / ksyn is @pproximately 12 to 16, and for d =512 it is approximately 5

to 9. This is consistent with the fact that SNN replaces the global minimum
reduction over a large set of size N with ordering and exact selection over a
narrowed candidate set, thereby reducing synchronization-induced overhead.
Since the nearest-node operation (3) is repeated at each iteration of
tree construction, the expected end-to-end speedup of planning due to re-
placing brute-force search with SNN is determined by the fraction of itera-
tion time spent on this operation. Let f (0,1) be the fraction of iteration

time spent on nearest-node search, and let g > 1 be the speedup of this
component when switching to SNN. Then, the expected overall planning
speedup can be estimated by Amdahl’s law [13-14]:

1
Stotal =1+ a7
(1- f)+E

Table 3 reports the values of S, .., for two representative levels of local-

total
kernel speedup g , consistent with the ratios ks / kyy in Tables 1 and 2.
Table 3
Expected overall planning speedup as a function of f and g

f Siorar for g =156 Siorar for g=8.5
0.300 1.390 1.360
0.500 1.879 1.790
0.700 2.899 2.615
0.850 4.889 4.000
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Table 3 indicates that even at a moderate parallelizable fraction
f =0.5, the expected speedup is about 1.8-1.9. When the nearest-node

search dominates ( f >0.7), the predicted end-to-end speedup becomes

multiple-fold. This result provides a formal justification for why reducing
the synchronization-induced hidden time constant in the iteration’s bottle-
neck is essential in complex environments, for large trees, and in high-
dimensional state spaces.

Conclusions. This paper develops and substantiates an improved
parallel trajectory planning method based on a rapidly exploring random
tree, where the key improvement is replacing the standard nearest-node
procedure with an ordered exact neighbor search designed for GPU execu-
tion. It is quantitatively confirmed that this replacement of the nearest-
node kernel reduces the synchronization-induced hidden time constant: for
high dimensionality, the normalized indicator decreases by approximately
12-16 times, and for lower dimensionality by approximately 5-9 times.
This is consistent with narrowing the candidate set and shifting from a
global minimum reduction to ordering and selection over a small set.
Model-based estimates of the overall impact show that, for a moderate
fraction of time spent on nearest-node search, the expected speedup of the
entire planning process is about 1.8-1.9 times, and when this stage domi-
nates it can increase to 2.6-4.9 times depending on environment complexi-
ty and tree size. Future work will focus on profiling the contribution of the
nearest-node stage for different classes of environments, extending the
method to three-dimensional scenes, and adaptively selecting the expan-
sion batch size based on the candidate rejection rate and obstacle structure.
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NMAPANENbHUA METO[ NITAHYBAHHA TPAEKTOPIU
Y NPOCTOPI CTAHIB I3 BNOPAOKOBAHUM
TOYHUM NOLLYKOM CycCiaiB

JocnimkeHo 3anady IIaHYBaHHS TPAEKTOPIH y MPOCTOpi CTaHIB 3 Tie-
peIIKoaMi Ta OOMEXEHHSIMH Ha JIOIyCTHMICTh MepexoliB. Po3risHyTO
METO/1 JIepeBa IIBHAKOTO BUIIAJKOBOTO MOLIYKY, Y SKOMY Ha KOXHIiH iTe-
patii BHKOHYIOTBCSI (HOpPMYBaHHS BUTIAJKOBOTO 3pa3Ka, BUOIp HAHOIIKIO-
ro By3Jia JiepeBa, Mo0y/10Ba KaHAWAATHOTO PO3LIMPEHHS, HepeBipKa J0my-
CTUMOCTI Ta IPHEHAHHS HOBOTO By3Ja 10 JAepesa. [TokasaHo, 110 y napa-
JIeTbHUX peasti3alisix i3 BUKOPUCTaHHIM rpadivyHOro mporecopa oneparis
BHOOpPY HAMOIIKYOrO By3ja CTa€ OOMEKYBaJbHOIO 33 3aTPHMKOIO, OCKi-
JIBKY TCIIsl IOBHOTO nepebopy BiacTaHeil HeoOXinHe rinobaibHe 3BeIeHHS
10 MiHIMyMY 3 06araToeTarmHO CHHXPOHI3aIlI€I0 Ta YACTUMH 3BEPHEHHIMH
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110 TII00ATBHOT ImaM’sITi, o GopMye 3HAUHY CHHXPOHI3AIIHO 3yMOBIICHY
HPUXOBaHy KOHCTAHTY 4Yacy. 3alpPOIOHOBAHO YJIOCKOHAICHUH Mapajelib-
HMI METO/ TTAHYBAHHS, SIKMH MOEJIHYE MAKETHY OpPraHi3alilo MakpoKpo-
KiB pO3IIUPEHHS JIepeBa i3 3aMiHOI0 CTAaHIAPTHOTO siApa BU3HAYCHHS Haii-
OMIKYOTO By3Ja HA BHOPSIIKOBAHUI TOUHHI MOUTYK HAHOMMKYNX CYCiaiB,
ONTHMI30BaHUi U1 rpadigHoro nporecopa. [lakeryBanns 3abe3nedye Ha-
KJIaJaHHs HEe3aJIeKHUX OIepamid (GopMyBaHHS KaHIHMIATIB 1 IepeBipOK
JOIYCTUMOCT] Ta Y3TrOJDKEHE OHOBJICHHS JepeBa IIICJIS 3aBEpIICHHS BCIX
mif3azad, Tl SK BHOPSIKOBAHUH MOIIYK BUKOHYE BIOPSAKYBAaHHS BY3JiB
3a MPOEKLISIMHU Ha MPOBIAHUI HAIPSMOK 1 TapaHTOBAaHE 3BYKEHHS MHOXH-
HHU KaHAWAATIB, TOMY TOUYHHMH MiHIMYM BiACTaHi OOYMCIIOETHCS JTUILE IS
HEBEJHMKOI MiIMHOXXUHH. YHCENbHI €KCIePHUMEHTH Ha eTalli BU3HAYCHHS
HaOIMKIOro By3ia MiATBEpAWIH 1CTOTHE 3MEHIIEHHS HOPMOBAHOI NpH-
XOBaHOI KOHCTAHTH, a aHAIITHYHA OIIHKa HACKPI3HOTO IPUCKOPEHHS I10-
KazaJjia 3pOCTaHHS BUTpAIly 32 YMOB JIOMIHYBaHHs L€l omeparii, o € xa-
paKkTepHUM JUISl BEJHMKUX AEPeB i BHCOKOPO3MIpHHMX HoxaHb. JomaTkosi
HACKpi3HI TECTH y IBOBHMIpHHX cepefoBuimax po3mipom 100x100 i
200%200 3 pi3HOI KITBKICTIO MEPEUIKO] MPOJCMOHCTPYBaIH CTabiIbHE
CKOPOYCHHS 4acy BUKOHAHHS, IPHYOMY BiTHOCHUH BHIpalll, K IPABHJIO, €
OimpIIMM U151 OLTBIN 3aXapanieHuX KOHDIryparii.

KiwuoBi cinoBa: nianysanus mpackmopii, 0epeso ueuoko2o unao-
K08020 NOWLYKY, NAPANENbH 0DUUCTEHHS, SpAQIuHUL nPOYecop, BUSHAYEH-
Hs HAUOIUNCH020 8Y31d, BNOPAOKOBAHUL MOYHULL NOWYK CYCidi8, npuxosa-
HA KOHCMAHMA, MACWMabo8aHicme.
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